In this paper, we introduce a new generalization of λ-Bernstein operators based on q-integers, we obtain the moments and central moments of these operators, establish a statistical approximation theorem and give an example to show the convergence of these operators to f (x). It can be seen that in some cases the absolute error bounds are smaller than the case of classical q-Bernstein operators to f (x).
Introduction
A generalization of Bernstein polynomials based on q-integers was proposed by Lupaş in 1987 in [1] . However, the Lupaş q-Bernstein operators are rational functions rather than polynomials. The Phillips q-Bernstein polynomials were introduced by Phillips in 1997 in [2] . After that, there are many papers mentioning the approximation properties of positive linear operators in the area of q-calculus due to its applications in the eld of approximation theory, such as generalized q-Bernstein polynomials [3] [4] [5] [6] , Durrmeyer type qBernstein operators [7] [8] [9] , Kantorovich type q-Bernstein operators [10] [11] [12] and so on.
As we know, Phillips [2] de ned the following q-Bernstein operators:
where b n,i (x; q) (i = , , ..., n) are q-Bernstein basis functions and de ned as 
Motivated by above work, in this paper, we introduce λ-Bernstein operators based on q-integers as b n+ ,n (x; q), (4) b n,i (x; q) are de ned in (2) , λ ∈ [− , ], n ≥ , x ∈ [ , ] and < q ≤ .
Obviously, when λ = , B n,q, (f ; x) turn out to be q-Bernstein operators de ned in (1); when λ = , q = , B n, , (f ; x) turn out to be classical Bernstein operators; when q = , B n, ,λ (f ; x) turn out to be the λ-Bernstein operators which are studied by Cai, et al. in [13] .
Details of q-integers can be found in [14, 15] . For any xed real number < q ≤ and each nonnegative
Also q-factorial and q-binomial coe cients are de ned as follows:
Now we recall the concepts of statistical convergence. Let K be a subset of N, the set of all natural numbers. The density of K is de ned by
provided the limit exists [16] , where χ K is the characteristic function of K.
A sequence x := {x k } is called statistically convergent to a number L, if for every ϵ > , δ(k ∈ N : |x k − L| ≥ ϵ) = [17] . This convergence is denoted as st − limn→∞ xn = L.
We also recall the following theorem given by Gadjiev and Orhan [18] . The aims of this paper are to introduce a new generalization of λ-Bernstein operators based on q-integers and give the statistical approximation properties of these operators using the concept of statistical convergence. The rest of this paper is organized as follows. In section 2, we give some lemmas which are needed to prove our main results. In section 3, we obtain the statistical approximation theorem and give an example to show that, in some cases, the absolute error bounds of these operators de ned in (3) to f (x) are smaller than the bounds of classical q-Bernstein operators to f (x).
Some lemmas
In the sequel, let ev(t) = t v for v = , , . In order to obtain the main results, we need the following lemmas: 
Then we can obtain (5) 
Proof. From (3), we have
As we know, for the q-Bernstein operators [2] , we have n i=
Firstly, we have
Secondly, since
Thirdly, since
Then, (6) can be obtained by (7)- (11).
, n > and q ∈ ( , ], for the operators B n,q,λ (f ; x), we have
For the q-Bernstein polynomials [2] , we have n i=
We have
Since
Next, since
Finally, by some computations, we have
Then, we obtain
Using (13)- (17), we can obtain (12), Lemma 2.1 is proved. [2] ). Proof. Indeed, we only need to prove b n,i (t; q, λ) ≥ for ≤ i ≤ n. For i = , we have
Remark 2.4. When λ = , we get the moments of q-Bernstein operators (see
Similarly, we can obtain bn,n(x; q, λ) ≥ . Then we will prove b n,i (x; q, λ) ≥ , where ≤ i ≤ n − . Actually, by (4), we have
We need to prove
We discuss the above inequality in three cases as follows:
, we have
Then we can obtain (18) by the fact that ≤ − q n−i x, ≤ x ≤ .
Then we can get (18) for ≤ − q n−i x, ≤ x ≤ .
Then we can get (18) in both two subcases. Therefore, we get the proof of Lemma 2.5.
Main results
Let us give the following statistical approximation theorem for the operators (3). = .
In order to obtain the desired result, using Lemma 2.5 and Theorem 1.1, we only need to prove the following equalities
For v = , using Lemma 2.2, we have
For a given ϵ > , let us de ne the following sets
It is obvious that U ⊂ U ∪ U ∪ U , which implies that
Since st − limn→∞ qn = , we have
that is to say, the right hand side of (22) is zero. Hence, (21) is proved for v = .
For v = , by Lemma 2.3, we have
For a given ϵ > , we de ne the following sets
Since st − limn→∞ qn = , we obtain the following equalities
that is, the right hand side of (23) is zero. Therefore, (21) is proved for v = . Theorem 3.1 is proved.
Finally, we give an example to show the convergence of B n,q,λ (f ; x) to f (x) with di erent values of parameters, we also obtain the absolute error bounds in some cases. Figure 1 . Figure 2 shows the graphs of B n,q, (f ; x) and B n,q, (f ; x) with n = and q = . . In Table 1 , we give the absolute error bounds of B n,q,λ (f ; x) to f (x). . . . .
One can see from Table 1 that in some cases, such as n = , and λ = , the absolute error bounds of ||f − B n,q,λ (f )||∞ are smaller than ||f − B n,q, (f )||∞, where B n,q, (f ; x) are the classical q-Bernstein operators. So it is meaningful to consider the operators in the form (3).
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